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Motivation

Holding on the two ends...
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Motivation 1-2

Motivation

(] Many data come as curves or bunch of time series

(1 Common structure analysis:
» Tail (one end): 7 is close to 0 or 1. Tail event curves (TEC)
» Spread (both ends): between {q(7), g(1 — 7)} 7-range;
changes of T-range: expanding, shrinking, shifting, shifting
with expanding/shrinking, 0 < 7 < 1/2

(] Sparsity: common structure is reduced to a few factors
[ FASTEC: FActorisable Sparse Tail Event Curve
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Motivation

FASTEC construction

[ Data: {(X;, ¥;)}"_, in RP+™ iid.
& Linear model for 7-quantile curve of Yj, j =1,...,m,
O<r<l:

qi(71X:) = X;'Ty(7),

where coefficients for j response: T',;(7) € RP
[J Sparse factorisation: £7(X;) = ¢} (7)X; factors

qi(r1Xi) = D k(T (X0),

where r : number of factors;

Loj(7) = (et Yik(T) k1 (1), - 2ohemq Yk (T) (7))
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Motivation 1-4

FASTEC examples

[ CAViaR: Yj; log returns at i day and institution j; X:
U1 (1Yi-1,4l, YiZy,) is of p=2m dimension, j =1,...,m,

i=1,..,nm

[ Temperature data: Yj;: temperature at i day and j weather
station; X; = (b1(ti), ..., bp(t;)), where by,...,by: B-spline
basis, t =i/n, i =1,....n;

(] Further application: image analysis, joint analysis of many
images and find the common patterns
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Motivation 1-5

Temperature Data
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Figure 1: Top figure: detrended temperature Yij, m = 159 weather station,
t = i/n time point in year 2008, n = 365; bottom figure: quantile factors

1 f‘mlng) and 2%°(X;); p = n®* ~ 11. QFASTECChinaTemper2Q
FASTE ctonzable Sparse Tail Event Curves




Motivation

Financial Data

Daily 230 Log returns, in %
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Figure 2: Top figure: log returns Yj;, n = 765 ranging from Aug. 2007-
Aug. 2010. m = 230 firm index. p = 460 covariate dimension; bottom

figure: quantile factors 1 £291(X;), 2-°°(X;).@QFASTECSAMCVaR
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Motivation 1-7

Spread gestalt
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Figure 3: Loadings (¢;,1(0.01),;1(0.99)) on factors 1 for 230 firms. Close

distance indicates similar 7-range pattern.@FASTECSAMCVaR
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Tail behavior

. . XL.GROUP

AMERICAN.INTL.GP.
LINCOLN.NAT.

S . Do HARTEYRD.FINL SVs.GP.
: L. - ° *  CITIGROUP

BANK.OF.IRELAND
HUNTINGTON.BCSH.
FIFTH.THIRD.BANCORP
MARSHALL...ILSLEY
ALLIED.IRISH.BANKS
REGIONS.FINL.NEW

Loadings of factor 2 of 1% MQR

9P NRRGALEHESE--CO.
KBC.GROUP
SUNTRUST.BANKS

WELLS.FARGO...CO
PNC.FINL.SVS.GROYDS BANKIRENSHIUPMERICA
STATE.STREET

Loadings of factor 1 of 1% MQR

Figure 4: Loadings (%;,1(0.01),;2(0.01)) on factors for 230 firms. Close
distance implies similar 7-quantile behavior. @FASTECSAMCVaR
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Motivation 1-9

Challenges

[J Implementation of FASTEC needs regularized multivariate
quantile regression (MQR)

» Estimation
» Proper model tuning
» Non-asymptotic error bounds

(1 Applications: High-dimensional joint Value-at-Risk analysis,
common temperature risk

[J Dimension reduction

FASTEC- FActorizable Sparse Tail Event Curves «‘mw
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Motivation v

High-dimensional multivariate quantile regression (MQR)
Oracle inequalities

Numerical analysis

Application: Sparse Asymmetric Multivariate Conditional
Value-at-Risk (SAMCVaR) Model



High-dimensional multivariate quantile regression 2-1

Implementing FASTEC: MQR formulation

Recall qj(7'|X,') = X,-TF*J'(T), fOI’ I = [I‘*l, ...,I‘*m],

n m

def _
L) = (nm) 1Y 0> pr(Yy = X' T) +A T, (3)
i=1 j=1 ~
(8)
(4)
Ty, arg min L(T) (4)
AT T A8 L TR

pr(u) = [l(u <0) —7||ul. T'yj: jth column of T

(J (A): quantile regression fitting quality. Ferguson (1967),
Koenker and Bassett (1978), Koenker and Portnoy (1990)
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High-dimensional multivariate quantile regression 2-2

Recall g;(7|X;) = X,'T',;(7), for T € RPX™,

def — L&
LET)E (nm)71 Y pr(Yy = X T) #A Tl (5)
i=1 j=1 —~

-~ (B)
(A)

T, arg _min L(T) (6)

’ LeRpxm
. rank(T")
B (B): nuclear norm ||T|[, = >, ' ox(T") prompts 0 for

singular values, rank(I')= number of nonzero singular values
LI A= A, p,mx,r > 0 converges to 0 as n — oo
[ T is estimated by Smooth Fast lterative

Shrinkage-Thresholding Algorithm (SFISTA), convergence rate
is analyzed

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



High-dimensional multivariate quantile regression 2-3

Theorem (Convergence analysis of SFISTA)

Let {T';}]_, be the SFISTA sequence, and T, A minimize (5) for
O<7T<1land A>0. Then foranytande>0

frv(1-m))?  4|To— T alRIX|?

L(T,) — (T, ’ < (7
‘ () (Fra)| < 2 (t+1)2emn (7)
Loss from smoothing convergence of FISTA
Requiring L(T+) — L(f‘ﬂ)\) <€ (eg e=107°) yields
T, — Dollp||X

TV(1—7 2
ey/mn 1_{V(2 ));

IX||: spectral norm (largest singular value) of design matrix X.

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Oracle Inequalities 3-1

FASTEC estimation

[ High-dimensional setting: p, m — oo with n, m = dim(Y;);
p = dim(X;)
[J Sparsity in factor: rank(T") is finite and fixed

(] Quality measures:

» Prediction error: ||T' — I‘H2 o) def m~E||(T — T)T X|2, where

M is the distribution for X
> Frobenius error: |[T' — T'[| (T -T)T -1T)T}

> Nuclear error: ||T — T||, = S50 5 (T - T)
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Oracle Inequalities 3-2

Estimation noise

Tuning parameter A depends on:

A, | (mn) X TW |
(W.); = I{Y; — X;"T; <0} — 7 ~ Bernoulli(t), ||X|| : matrix spectral
norm

Lemma
Under Assumptions 1 and 2,

P HXTW | < CVoma STV - IR P )

with probability greater than 1 — 3e—(PtmIog8 _ ~ " \where ¥ x is the
covariance matrix for X, v, — 0,C* = 4,/2 2 log$8, C’ and ¢y are
absolute constants.

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Oracle Inequalities 3-3

Nonasymptotic Risk Bounds

Theorem
Under regularity conditions and

p+m
n )

A= 2c*\/amax(zx){7 \4 (1 - T)}

where C* and L x are defined in previous page. Then

T CO O max EX) ,D+ m
FT - I“r S i 1
[ o < 77 o V7V A IV (10)

with probability greater than 1 — ~, — 9(p + m)~2 — 3e~(Ptm)log8 gpg
p+ m> 3, where Gy = 16\@{( % +4)\/6\/4 22 Iog8}.

FASTEC- FActorizable Sparse Tail Event Curves



Oracle Inequalities 3-4

(1 Dimensionality:
» When p, m fixed: the estimator converges in rate n—
» Oracle property: performance depends on unknown number of
parameters r(p + m)

1/2

(] Design: condition number omax(Xx)/0min(Xx), where X x is
the covariance for X
[ Conditional densities:
> f = infjgm infx fy/.j|x/.(XTF*j|X)
» Difficult to estimate at 7 close to 0 or 1
Frobenius norm and nuclear norm bounds differ to the prediction
error bound by a factor \/m and a constant

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Oracle Inequalities 3-5

Tuning

[0 A, has the same distribution as
A = (nm)H|XTW. |, (11)

where W,-J-,T =1(U; <0)—7, {Uj} fori=1,...,nand
j=1,...,mareiid. U(0,1)
CJ A; is pivotal (independent of unknown T') conditioning on X

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Oracle Inequalities 3-6

Tuning

[J Bound estimation noise with « quantile of A, for small
O<ax<l:

Ar =2-aa (1 = aX), (12)

where gp_(1 — a|X) def (1 — «)-quantile of A, conditional on
X is computed via simulation
(] By symmetry, Ay = A\1_+

[J Pivotal principle: QR-Lasso Belloni and Chernozuhkov (2011)
and v/Lasso Belloni, Chernozuhkov and Wang (2011)

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Numerical Analysis 4-1

Simulation: symmetric situation

[ m= p =500, n=500. lteration=500.
[ X; iid. N(0,X) with ©; = 0.5,

Y, =T"X;+¢;, i~ N(O,I,)iid & L X

[ T generation: sampling entries from i.i.d. N(0, 1)
1. Model LS (less sparse): The last 375 singular values of T" are
0, r =rank(T') = 125
2. Model MS (moderately sparse): Set the first 10 singular values
to 30 and the rest 0, r = 10
3. Model ES (extremely sparse): Set the first singular value to 20
and therest 0, r =1

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Numerical Analysis 4-2

Simulation: asymmetric situation

[J Simulate Yj; with asymmetric conditional quantiles
(] m= p =500, n =500. Iteration=500.

(J Generating T'; and T'; with rank(I';) = 2 and
rank(T',) = r:

[J Model AES (Asymmetric Extremely Sparse): r, = 2
[0 Model AMS (Asymmetric Moderately Sparse): r, = 10

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Numerical Analysis

Simulation: asymmetric situation

[ X; = &(X;) where X; i.i.d. N(0,%) with ; = 0.5/~ () :
cdf of N(0,1)
[ {Uy}iid. U0,1], i=1,..,n j=

=1,...m
Y = o1 (Up)X;" {T1.51(U; < 0.5) + Ta,;1(U; > 0.5)}
(] Quantiles of Yj; given X:
qi(7]X) = o Y(7)X, ' T1.;, T <05
qj(71X) = oM7) X;' T2.j, 7> 0.5,
[ Given X, Yj; independent in j

FASTEC- FActorizable Sparse Tail Event Curves «‘mw
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Numerical Analysis 4-4
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Figure 5: 500 marginal densities (kernel estimators) of Y; in asymmetric
situation. Left figure: AMS shows more asymmetry as the right tail cor-
responds to higher rank I';; right: AES shows less asymmetry as the rank
of I'; and I’ are equal.
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Numerical Analysis 4-5

Performance

[J Prediction error: ||T' — I‘||i2(|'|)

1. V shape: tail quantiles have larger error
2. For more sparse model: larger \

[ Frobenius error and nuclear norm error show similar patterns
as prediction error

[ Estimated number of nonzero singular values

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Numerical Analysis 4-6
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Figure 6: Model LS Prediction Error box plots. Symmetric "V" shape is

observed for different choices of A. Model MS and ES perform similgy
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Numerical Analysis
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Figure 7: Model AES Prediction Error box plots. Prediction errors present

symmetric "V" shape since rank(I';) = rank(I';).
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Numerical Analysis
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Figure 8: Model AMS Prediction Error box plots. For 7 > 0.5 the predic-
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Numerical Analysis

A= 5e-06
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Figure 9: Model LS Estimated number of nonzero singular values box plot.
True number of singular value is 125. The result is the same for other

choice of )\ with certain threshold.
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Numerical Analysis
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Figure 10: Model AES Estimated number of nonzero singular values box
plot. The true number is 2. The result is the same for other choice of A

with certain threshold.
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Figure 11: Model AMS Estimated number of nonzero singular values box

plots. The true number is 2 for 7 < 0.5 and 10 for 7 > 0.5.
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SAMCVaR 5-1

Sparse Asymmetric Multivariate Conditional
Value-at-Risk (SAMCVaR)

qej(7|Fe-1) = XtT—lr*ja
Xeo1 = (|Yecral oo [Yecrmls Yisgq0 0 Yiiym) | € R,

where Y~ = max{—Y, 0}
[ Engle and Manganelli (2004): Conditional Autoregressive
Value-at-Risk (CAViaR)
1 White et al. (2008): Univariate Multi-Quantile CAViaR
(MQ-CAViaR)
[J White et al. (2015) "VAR for VaR": estimate bivariate VAR due to
computational burden

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



SAMCVaR 5.2
Factorization

[0 Factorisation: r = rank(T"),

at,j T|-7:t 1 ZT/JJk fk Xt (13)

fe (Xe) = Z%’l,k,l(ﬂ (T)YeZe,  (14)

I=1

Flow from component j to £ :
ofy
v vy = Pk () o k(7))
vl v,y :
9g;(]X)

Sensitivity of j quantile to fx(7) : ofr = i k(7).
k

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



SAMCVaR 5-3

Goals

[] Leverage effect: Yt:l,j > 0 implies the increase in o ;. Black
(1976) and Engle and Ng (1993)

> |s leverage effect symmetric? i.e., |o— « j(T)] = lp— k(L —7)|7

[J Risk sensitivity analysis with 7-range: plot of

{¥51(7),¥1(1 = 7)}

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



SAMCVaR 5.4

Data

(] Data period: August 31, 2007 to August 5, 2010. 766 daily closing
price for each stock in the sample.

Banks Financial Services Insurances Total
EU 47 22 27 96
North America 25 17 28 70
Asia 47 14 3 64
Total 119 53 58 m = 230

Table 1: Financial firms summary.

[ p=2m = 460 (2 transformations of lag return |Y;_1[, Y;_; ;)
(1 Downloaded from Simone Manganelli's website

(] Using tuning method introduced previously: A = 0.0247 for both
7 =1% and 99%

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



SAMCVaR 5-5
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Figure 12: Time series plots of log returns Yj;, i ranging from Aug. 31,
2007-Aug. 5, 2010. n =765. j = 1,...,230 firm. The lower figure shows
the time series of VIX. @QFASTECSAMCVaR
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1st factor 2nd factor
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Figure 13: Time series of first factors 21, £0-%° (left) and second factors
201 £0:99 (right). Large deviation periods of first factors correspond to
that of VIX. The magnitude of factor 2 is much smaller than that of factor
1. QFASTECSAMCVaR
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SAMCVaR 5.7
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Figure  14:  Scatter plot of = (¢}.,1;(0.01),¢.1;(0.99)) and
(-1,j(0.01), - 1,;(0.99)) for j = 1,...,230. Y, , ; relates more to left
dispersion, while | Y;_1 j| contributes symmetrically. @ FASTECSAMC
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Figure 15: Scatter plot of loadings (1;,1(0.01), ¢;1(0.99)) for j =1, ...,230
firms. Firms on the northeast corner are more associated to the extreme

event of the market. QFASTECSAMCVaR
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SAMCVaR 5-9

FASTEC: SAMCVaR

(] Figure 5-7
» leverage effect: Yi_1,;0 leads to left 7-range expansion
> |Yi_1,j| contributes symmetrically to 7-range

[ Figure 5-8 Large loadings (1,1(0.01),;1(0.99)), large
T-range

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Chinese Temperature 6-1

Chinese Temperature Data

(] Temperature data from m = 159 weather stations in China in year
2008, downloaded from Research Data Center of CRC 649

30

‘‘‘‘‘‘‘‘

-10 ? 10

Detrended Temperature ( © C)
.?0

Temperature ( ° C)
50 5101520 25

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 16: Upper: detrended tempgrn;ture Yj(t) and yearly trend by
smoothing spline. j: weather station, t € [0, 1] time point in year 2008.
Lower: trend. QFASTECChinaTemper2008
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Figure 17: The first 4 factor curves. 7 = 90%. 7 = 10%.
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Chinese Temperature
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Figure 18: Scatter plot of factor loadings of weather station j,
j = 1,..,159, demonstrates a "L'"-like shape: stations associated
with factor 1 of 1% have almost no association with that of 99%.
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Chinese Temperature
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Chinese Temperature 6-5

Temperature analysis

[ The algorithm classifies the northern and southern
temperature patterns

[J "L" like shape in Figure 18: stations associated with factor 1
of 1% have almost no association with that of 99%

(] Stations in the middle cannot be explained by either northern
or southern temperature pattern

(] Yuchu: region avg. 4000 meters high above sea level, highland
climate with reverse seasonality
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Chinese Temperature 6-6

Summary and Extensions

(1 Conditional quantiles are useful for studying tail events and
spread of dispersion

[ Nuclear norm regularized multivariate quantile regression

(1 Algorithm and oracle properties are derived

Further research directions:
[J Expectile regression, support vector machine (non-smooth loss)
[ Confidence intervals for singular values

(1 Nonconvex penalty. e.g. nonconvex adaptive nuclear norm
T« = 2P wid;(T") by Chen, Dong and Chan (2013,
Biometrika)
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Appendix 7-1

Check function

L
-

Figure 19: Solid line: 7 = 0.9. Dashed line: 7 = 0.5. Dotted line: square
loss u? (OLS regression).QLQRcheck

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Appendix

Nonsmooth loss function: @=1 i pr (Yl - XiTI‘*J-) + ATl

Introduce dual variable:/

max@ije[.r,ly,.] Z(I‘,@)
(T,0) = 57 3 04V — X[ T.y)

Smoothing by Nesterov (2005)

fo(T) = maxe,, efr—1,71 {4(T,0) - 5[0}
Vrfu(T) = —(mn) " X [[(smn) =1 (Y — XT)]}-

Lipschitz constant M = (km?n?)~1|X|?
Kk =€/2mn

» [[-1l+ and Theorem of Nesterov

FASTEC- FActorizable Sparse Tail Event Curves
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Appendix

0.5

0.0
N

-0.5

Figure 20: X =1, m=p=n=1. Solid line: ¢, (u) = 7 — I(u < 0) with
7 = 0.5; Dashed, dotted, dot-dash line: smoothing gradient [[x (Y —

XTI)]],, = 0.5,0.2,0.05. :
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Appendix 7-4

Nonsmooth loss function: @=1 i pr (Yij - XZ-TI‘*]-)l

Introduce dual variabl(;s/

maxe,; elr-1,7] (F 9)
UT,©) = o 30 ST 04 (Yiy — X Ty)

Project on low rank space
Smoothing by Nesterov (2005)

fN(I‘) max@zje[‘r 1,7] {Z F @ 2H®||%}
Ve fo(T) = —(mn) "' XT[[(kmn) = (Y — XT)]]-

Lipschitz constant M = (km?n?)~1|X|?
Kk =€/2mn

FASTEC- FActorizable Sparse Tail Event Curves m;ﬁw
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Appendix 7-5

Detrending of Chinese temperature data

[J Chapter 4 of Ramsay and Silverman (2005): smooth
discretized data with smoothing spline

[ Estimation of mean function and smoothing are done jointly
by minimizing

I ) +77/[02 (s)Pds  (15)
i=1 j=1

where 77 > 0 is a smoothing parameter selected by
cross-validation and /i is fitted by cubic spline basis
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Appendix 7-6

T, ifa,-qu-;
[[251]- = { 2 ifr—1<a;<m;
7-_]-, ifa,-j§7-_1.

Theorem _
For any k > 0, f.(T") is well-defined, convex and

continuously-differentiable function in T' with the gradient
V£(T) = —(mn)"XT@*(T) € RP*™, where @*(T) is the
optimal solution to maxe,cj;—1,- {(mn) 1T, ©) — 5| O[3},
namely

©*(T) = [[(kmn) "} (Y — XT)]]. (16)

Moreover, the gradient V1. (I') is Lipschitz continuous with the
Lipschitz constant M = (km?n?)~1|| X ||2.

FASTEC- FActorizable Sparse Tail Event Curves «‘mw



Appendix 7-7
Definition (Proximity Operator)
Let X = RPX" with inner product (A,B) =tr(ATB) and || - || be

the induced norm. f : X — R a lower semicontinuous convex
function. The proximity operator of f, S¢: X — X

def : 1o vz
Se(Y) = arg )r(nelg({f(X)%— 2||X Y| },VY € X.
Theorem (Cai et al. (2010))
SVD: Y = UDV. The proximity operator S\(-) of \|| - ||+ is

S\Y) €U - ALV, (17)
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Appendix 7-8
Proof.
[ 4(T) = (nm) 2 327, S pr(Yy — X Ty)
L(T) = ¢(T) + AT

]
O L(T) = () + AT«
[ fn(l—‘) = min@)e[r—l,‘r]"x’" Z(I‘a 6) - g”GH%‘

L(Te) — L(T) = L(T;) — L(T) + L(T,) — L(T) + L(T) — L(T).

N

1. [(T) < L(T) < L(T) + K maxeefr—1,rrem L5 < L(T) + rp(r)2 242
2. BT(2009): ‘Z(rt)—'[(f) < MITo—Tll pg — (xm2n2)~—1||X][2:

(t+1)2
Lipschitz constant of V£, (T),

O

» Convergence of SFISTA » Proof of oracle property
FASTEC- FActorizable Sparse Tail Event Curves m;ﬁw




Appendix 7-9
Nonasymptotic risk bounds

Generalization of support using projections:
[ SVD:A=3", O'(A)UJ'VJT for matrix A
O U, =[ug,...,u], V=[vi,...,v]
Pa1=U,U]; Pap=V,V, are orthogonal projections

LI Pa(S) s PilSPKQ; 77&(5) & P,lJ\_,lsPi_,Z
The cone
def pxm . L
K(T, o) = {S e R 1 [PE(S)]. < o[ Pr(S)]l |- (18)

The norm: HS||E2(|.|) f m~1En||ST Xi|3
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Appendix 7-10

Assumption (Sampling setting)

Samples (X1, Y1), ..., (Xn, Y,) are i.i.d. copies of (X, Y) random vectors
in RPFM, F;U_llxl_(7|x) = x"T,;(r). Conditioning on X;, Yj is
independent in j.

Assumption (Covariance matrix condition)

Let the covariance matrix of X be X.x, assume that
0 < omin(Ex) < omax(Xx) < 00. Moreover, assume the sample
covariance matrix of covariates X x = %XTX satisfies

~

P [O'min(zX) Z Cla'min(EX)yamax(EX) S C2UmaX(EX)] Z 1- Yn- (19)

Covariates come from a joint p-Gaussian distribution N(0, 3 x):
¢ =1/9, & =9 and v, = 4exp(—n/2) from Wainwright (2009)
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Appendix 7-11

Assumption (Conditional density condition)

There exist f > 0 and f' < oo such that |a%ij,j|X,-(}’i|X)| < f" and
infj<minfx fnj|xf(xT1"*j|x) > f, where fy, x, is the conditional density
function of Yj; on X;.

Assumption (Restricted eigenvalue)

For a given probability distribution Tl for X,

Brs inf{5>0: B|Pr(A)]r < | Allym), YA € K(T,3)} > 0.
(20)

A rough lower bound: fBr 3 > m™Y/2\/omin(Zx)
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Appendix 7-12

Assumption (Restricted nonlinearity)

1Al )

n
akls mt 3 EIXTALP]

Q.

ydef 3
8

(21)

IR

i et A S ) v
(22)

Section 2.5 of Belloni and Chernozuhkov (2011) calculate v for various
data generating processes » Nonasymptotic Risk Bounds
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Appendix 7-13

Asymmetric situation: I' generation

1. Basis vectors {v1, w2} and {u,...,ur,} in RP. Components in
v; and uy follow U0, 1]

2. Ty = a1jvi + apjva, a1, a2 ~ U[0,1] i.id.;
]._‘27*-,' = leul + ...+ b,z,jurz, le,...,br2J ~ U[O, 1] ii.d.

» Asymmetric Models
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